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ABSTRACT 
Let G be a graph, A(C) its adjacency matrix. We prove that, if the least 
eigenvalue of A (G ) exceeds - 1 - V?! and every vertex of G has large valence, then 
the least eigenvalue is at least - 2 and G is a generalized line graph. 
1. INTRODUCTION 
The adjacency matrix A ( G) of a graph G is defined by the rule: aii = 1 if i 
and i are adjacent vertices, 0 if they are not adjacent vertices. If A is any real 
symmetric matrix, X,(A) > h,(A) > . . . denote its eigenvalues in descending 
order, and h’(A) < h’(A) Q . . . denote its eigenvalues in ascending order. If 
A=A(G), we may write hi(G) for &IA(G)) and h’(G) for xi(A(G)). The 
minimum valence of the vertices of G is 6 (G), the maximum is CE (G). We 
always assume G connected, 1 V( G)( > 2 unless otherwise noted. 
For such graphs, h’(G) < - 1. In this paper, we investigate the question 
of what values h’(G) can have if 6 (G) is large, in the range - 1 > h(G) > - 1 
- ?? . We shall show that if S (G) ‘: 15 assumed sufficiently large as a function 
of X, then only the two values - 1 and - 2 can occur. Further, the graphs 
can be completely described, via the concept of generalized line graph [4], 
which we now define. 
First, we define the line graph L(G) of a graph G. Its vertices are the 
edges of G, with two vertices of L(G) adjacent if and only if the correspond- 
ing edges of G have a common vertex. Next, a cocktail party graph (CP), is 
the result of removing a l-factor from K,,. (CP), is the empty set. 
*The main results of this paper were first announced in [4]. 
t Part of the work in this paper was supported by the Army Research Office under contract 
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FIG. 1. 
Let G be a graph on m vertices, pi, ua, . . . , n, nonnegative integers. Then 
the generalized line graph L( G (pi, . . . , a,)) z L(A (u)) consists of L(G) 
together with (CP),I,. . . , (CP),, with the following additional adjacencies: 
vertex (i,/) of G is adjacent to every vertex of (CP), and to every vertex of 
(CP),. We illustrate this definition by considering the example in Fig. 1, 
where G has vertices X, y, x, w, and CL = (2,1,0,3). Note that a line graph and 
also a cocktail party graph are both generalized line graphs. And it is easy to 
show (see Sec. 2 below) that h’(L( G (u))) > -2. 
We shall prove the converse for connected graphs where S(G) is 
sufficiently large. Let A’ be the set of all real numbers h such that X = hi( G) 
for some connected graph G. [If G has at least one edge, X’(G) < - 1, and 
h’(G)= -1 if and only if G is a clique.] We shall prove 
THEOREM 1.1. There exists un integer Galued function f, defined on the 
intersection of n1 with the half-open intercul [ - 1, - 1 - fi ), such that 
(1.1) if -l>h>-2, h’(G)=& G(G)>f(h), then G is u clique and 
h’(G) = - 1 (note thut (I clique is &o u generalized line gmph); 
(1.2) if -2>h> -l-fi, X’(G)=& G(G)>f(X), then G is a gener- 
ulized line graph und X’(G) = - 2. 
A remark about the function f(h). Our proof produces astronomical 
estimates for f(h), b ecause we make heavy use of Ramsey’s theorem. We 
have no idea what are the best estimates for f(h), except for f (- 1) 
(obviously 1) and f( -2). Remarkable recent results of Cameron, Goethals, 
Seidel and Shult [2], using the theory of root systems from Lie algebra, 
establish that f ( - 2) = 29, and this is best possible. Their paper subsumes, 
improves and generalizes all earlier work on graphs G satisfying h’(G) = - 2. 
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2. A PROOF THAT h’(L(G(a))) > -2 
THEOREM 2.1. Let L( G (u)) he (I genemlized line graph. Then 
X’(L(G(n))) > -2. 
Proof Let K be the edge-vertex incidence matrix of G, so that k,, = 1 if 
and only if edge e is on vertex i. Let Li ( j = 1,. . . , m) be a (0,l) matrix with 
25 rows and IV(G)]= m columns in which column i has all entries 1, all 
other columns have all entries 0. Let MI be a matrix with 29 rows and (ii 






L’ ,n- 1 
Lnl 
M, 0 . . 0 0 
0 M, . . . 0 0 
0 ;I ..: Mi_I 0 
0 0 . . . 0 M, 
NNT=2Z+A(L(G(a))). 
Since NN T is positive semidefinite, we are done. 
3. PRELIMINARIES TO PROOF OF CONVERSE 
n 
Let G be a graph with 1 V(G)1 = m, and let C be a (0,l) matrix with nl 
rows and t columns for t > 0. Define (G, C, n) to be the graph obtained by 
adding to G a total of t cliques K,‘, . , ., K,f, each with n vertices such that 
each vertex of K,/ is adjacent to all vertices i E V(G) with cii = 1, and is not 
adjacent to vertices i E V(G) with iii = 0. Further, if i# k, each vertex of Ki 
and each vertex of K,k are not adjacent. In [3], the following is shown: 
PROPOSITION 3.1, h’((G,C,n))’ > x’((G,C,n+l)) and lim,_,X’ 
X((G,C,n))=h’(A-CCT), whereA=A(G). 
Next, define h’( G, C) = lim,_,X’( (G, C, n)). Also, use the notation G c H 
to mean G is an induced subgraph of H. 
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PROPOSITION 3.2. Let G, C mad u real number X he given. Then there 
exists an integer n,(G, C,X) such that if n > no, h’(G, C) <A und H is (I 
gruph u;ith h’(H) = A, then (G, C, n) Z H. 
Proof. For n sufficiently large, X1( (G, C, n)) <h’(H). But (G, C, n) c H 
would imply [since A (( G, C, rt)) would be a principal submatrix of A (H)] 
A’( ( G, C, n)) > X’(H), a contradiction. g 
Now for some pictorial notation to describe a pair (G, C). We will do this 
by drawing G and denoting the columns of C by large dots, with lines 
connecting the large dot for column j of C to vertices i of G such that cli = 1. 
We illustrate this notation in the following lemmas: 
LEhlMA 3.3. If 
(G,,C,)=A> 
then )\‘(G,C)= -2. 
Proof. 
A(G,)=(; ;), C,=( ;), A-CCT= -(; ;) 
LEMMA 3.4. If 
U (G,,C,)= > 
(34 
(3.2) 
then X’(G,C)= -2. 
Proof. 
A!Gd=(; ;)> &=(A ;); A-CCr=( -; _;), 
LEMMA 3.5. Zf 
(G,, C, ) =tf , (3.3) 
then h’(G,C)= -2. 
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4. PARTIAL PROOF OF STATEMENT (1.1) 
In this section we prove Theorem 1.1 (statement 1.1) except for one case, 
which will be treated later in Sec. 7. The reason for choosing this tactic of 
exposition is that it permits some of the ideas used in proving Theorem 1.1 to 
be illustrated now, deferring the explanation of the other ideas to Sec. 5. 
To show statement (l.l), we must prove that for - 1 > X > -2, there 
exists a number f(X) such that if G is a connected graph satisfying 8 (G) > 
f(h) and h’(G) = h, then X’(G) = - 1 (and G is a clique). 
Proof. For the given X, referring to Proposition 3.2 and Lemma 3.3 and 
3.4, let n,,(h)=maxi=l 2{ n,(_G,,Ci,X)}. Let R (n) be the Ramsey function [if 
I V(H)1 > R (n), th en K, or K, cH], and let f (A)= R(max{4,3n,,(h)}). 
Let 2; be a vertex of G. By Ramsey’s theorem, the vertices adjacent to c 
must contain an independent set of at least 4 vertices [impossible, since that 
would mean K,,, c G, and h’(K,,,) = - 2 <X’(G)] or the vertices adjacent to 
o contain a maximal clique K, with IV(K)1 >3n,(h). 
If K = G, we are done. If not, since G is connected, there must be in G 
adjacent vertices u and W, ZL E K, w @ K. Suppose u) is adjacent to at least 
n,(h) vertices of K. Since u: @ K, there is a vertex x E K such that x and w 
are not adjacent, but there are at least n,(X) > n&G,, C,,X) [see statement 
(3.1), Lemma 3.31 vertices of K adjacent to both. By Lemma 3.3 and 
Proposition 3.2, this is impossible. 
On the other hand, suppose w is not adjacent to at least 2n,,(h) vertices of 
K. Since 6 (w) > R(max{4.3n0(h)}), th ere is a clique K, of at least 3n,,(X)- 
n,(h) = 2n,(X) vertices adjacent to W, none of which is in K. If u is adjacent 
to at least n,(h) vertices in K,, but not all vertices in K,, then apply the 
argument of the preceding paragraph. The case in which u is adjacent to all 
vertices in K, will be treated in Sec. 7. Hence we may assume we have a 
subgraph of G consisting of vertices u and W, a _clique k of size n,(h) of 
vertices adjacent to u but not to W, and a clique K, of size n,(h) of vertices 
adjacent to u: but not to U. Suppose some vertex of K” is adjacent to some 
vertex of K,. Then these two vertices, together with u and W, generate a 
cycle C, c G. Since h,(C,) = - 2 <h=h’(G), this is impossible, Hence, we 
have statement (3.2). By Proposition 3.2 and Lemma 3.4, this is impossible. n 
5. PRELIMINARIES TO PROOF OF STATEMENT (1.2) AND TO THE 
COMPLETION OF THE PROOF OF STATEMENT (1.1) 
We begin by summarizing the propositions to be proved or stated in this 
section. Later, we will explain the strategy for their use. Proposition 5.1, for 
the proof of which we refer to [5], says that if X’(G) is bounded from below, 
158 A. J. HOFFMAN 
then G is “close” to a graph H containing a distinguished family of cliques. 
In Proposition 5.2, we prove that if some of these distinguished cliques of H 
are large enough, they contain large subsets which form in G mutually 
non-adjacent cliques. Proposition 5.3 shows that if X’(G) is given, then each 
vertex will be contained in a distinguished clique of H large enough for the 
preceding proposition to apply. 
PROPOSITION 5.1. Let h E Al; Th_ere exists n number L = L(h) such t_hat, 
ifX’(G)=X, there exist graphs G, H and H, with V(G)=V(G)=V(H)= 
V(H), and 
(5.1) A(G)+A(G)=A(H)+A(fi) and 
(A(G)),,~+(A(KQ~~ 1 for all i,j; 
(5.2) d(G) < L, d(k) < L; 
(5.3) H possesses a distinguished family of cliques K ‘, K ‘, . . , such that 
(5.3.1) every edge of H is in edge of at least one Ki, 
(5.3.2) every vertex of H is in at most L of the {Kt}, 
(5.3.3) if i# j, then IV(K’)n V(Ki)l &L. 
PROPOSITION 5.2. There exists a function g(r,n, L) such that if G 
satisfies statements (5.1)-(5.3) of Proposition 5.1 for the given L, and if 
K’,K’ , . . , , Kr are among the distinguished cliques of H (Proposition 5.1) 
with IV(K’)I>g(r,n,L), i=l,..., r, then G contains disjoint sets of vertices 
V 1 ,..., Vrtcith ycV(K’), /y(>n, i=l,..., r, each Vi generates a clique in 
G, and each vertex in Vi is not adjacent in G to each vertex in 3 (i # i). 
Proof. It is known (see [6]) that there exists a function h(m) such that if 
F is a graph and ALB are disjoint se:s of _vertices of F with ]A I= IB I> hkm), 
then there exist A c A, B-C B, ]A] = ]B ] = rnd and *every vertex of A is 
adjacent to every vertex of B or no vertices of A and B are adjacent. One can 
easily show by induction that there exists a function h (r, m) such that if F is a 
graph and A,,..., A, are disjoint sets gf vertices of F with IAl] = . . . = ]A,] = 
h(r,m), then there exist AlcAl,..t,A,cA,IA,/=m, i=l,...,r, such that, for 
each i# i either each vertex of Ai is adjacent to each vertex of At or no 
vertex of ii is adjacent to any vertex of ii, Further, we may assume 
h(r,m)> m. Set g( r,n,L)=(r-l)L+(L+l)h(r,h(r,L(L+l)+n)). Since 
any two of the distinguished cliques K ‘, . . . , K’ of H contain at most L 
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common vertices, we have disjoint K” ’ C K ‘, . . . , kr c K ‘, with each & having 
cardinality (L+l)h(r,h(r;L(L+l)+n)). N ow consider the vertices in each 
ki. In G, each vertex in Ki is adjacent to all but at most L other vertices of 
Ki [statement (5.2)]. By Brooks’s theorem [l], the vertices of Ki are covered 
by at most L + 1 cliques of G. Hence we have found disjoint cliques 
M Ir., . ,M, of G, each of cardinality h( r, h (r,L (L + 1) + n)), with V(M,) C 
V(K’), i=i,..., r. Applying the first part of this proof to the graph H, we 
have disjoint cliques N,, . . . , N, of G, each of cardinality h( r,L( L + 1) + n), 
V(N,)c V(K’), i=j,..., T, and for i # i, each vertex of Ni is adjacent in H to 
each vertex of Ni, or each vertex of Ni is adjacent in H to no vertex of Ni. 
We contend that the former alternative cannot occur. For let t: be a 
vertex of Ni. If the former alternative occurs, it is adjacent in H to at least 
L(L + 1) vertices of I\\ c K i, Since every edge of H is in at least one 
distinguished clique [statement (5.3.1)], and there are at most L distinguished 
cliques containing c [statement (5.3.2)], it follows that there is a dis- 
tinguished clique K t containing c and at least L + 1 vertices in K 1. But 
C@Ki, and this contradicts statement (5.3.3). Hence no vertex of N, is 
adjacent in H to any vertex of Ni. 
Return now to G. Each vertex in N, is adjacent in G to at most L vertices 
of Ni. By the first paragraph of this proof, there exist subsets Ai c N, such 
that each Ai has cardinality at least L( L + 1) + n > n and, for i # i, every 
vertex of Ai is adjacent in G to every vertex of Ai [impossible, since 
L(L + 1) + n > L], or no vertices of Ai and Ai are adjacent in G. Choose 
V, c N, such that / Vi1 = n, i = 1,. . . , T. n 
PROPOSITION 5.3. Let G be a graph sutisfying statements (5.1)-(5.3) for 
some L, let r and c be gicen positice integers, and let g(r,n, L) be the 
function prescribed in Proposition 5.2. lf S (G) > L + Lg(r,n, L), then each 
r;ertex of H (Proposition 5.1) is contained in at least one distinguished clique 
of H of cardinality at leust g(r, n, L). 
Proof. Let c be a vertex. At least Lg( r, n, L) edges on o are edges of H. 
Since c is in at most L distinguished cliques of H, at least one of these 
cliques must have cardinality at least g( r, n, L). n 
We can now outline our strategy for proving statement (1.2). By taking 
6 (G) large enough, we can (by Proposition 5.3) invoke Proposition 5.2, 
which will allow us to use Proposition 3.2, with the help of lemmas in the 
spirit of Lemmas 3.3-3.5. This will enable us to reconstruct the original 
graph of which G is the generalized line graph. First, we note the lemmas we 
need, whose proofs are like the proofs of statements (3.1)-(3.3). 
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LEMMA 5.4. Zf 
then h'(G,,C,)= -3. 
LEMMA 5.5. Zf 
a (G&)= > 
then A'(G,,C,)= -l-\/2. 
LEMMA 5.6. Zf 
then x'(G,,C,)= -4. 
LEMMA 5.7. Zf 
(G&I=.+ > 
then A’( G,, C,) = - 3. 
LEMMA 5.8. Zf 
(G&)=)l\f ’ 
then X’(G,,C,)=(-3-v/5)/2< -1-m. 
LEMMA 5.9. Zf 
iG&)=+ 1 
then X’(G,,CJ= -3. 
A.J.HOFFMAN 
LEMMA 5.10. Zf 
then A’( G,, C,) = - 1 - \/2 . 
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LEMMA 5.11. Zf 
then h’(G,,C,)= -3. 
LEMMA 5.12. Zf 
GW=o-~ 
then h’(G,,C,)=(-3-\/5)/Z< -1-a. 
LEMMA 5.13. Zf 
thenh’(G,,,C,,)=-1-e. 
LEMMA 5.14. If 
(Gll,Cll I=< > 
then A’( G,,, C,,) = - 1 - V’% . 
LEMMA 5.15. Zf 
(GlB%)= 7 c 
then A’( G,,, C,,) = - 3. 
LEMMA 5.16. Zf 
then A’( G,,, C,,) = - 1 - fi 
6. PROOF OF STATEMENT (1.2) 
We must prove that for - 2 > h > - 1 - fi , there exists a number f(h) 
such that if G is a connected graph satisfying 6 (G) > f (A), h’(G) = h, then 
h’(G) = - 2 and G is a generalized line graph. 
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We begin by noting (Proposition 3.2) that there exists a number n, such 
that, for i = 1,. . . , 13 in Lemmas 5.4-5.16, 
(6.1) h’(G,,C,,n)ZG for all n> n,,. 
We will also need the function g(r, n,L) of Proposition 5.2, using 
g(3,n,L) and (tacitly) that g(l,n,L) Q g(2,n, L) < g(3, n,L). Throughout L 
will be the L(X) of Proposition 5.1, and H will be the graph specified in 
Proposition 5.1. Let 
(6.2) k(n,, L) = no + 3 + 2L + (L - l)(L + l), and f(x) = L 
+Lg(3,qQ+q. 
A large clique of H will be a distinguished clique of H with at least g 
vertices. An edge of G joining vertices i and i will be called large if i and i 
are contained in a large clique of H; otherwise an edge of G will be called 
small (and may or may not be an edge of H). Finally vertices i and i will be 
called spouses if they are not adjacent in G, but are contained in a large 
clique of H. We shall prove the following facts: 
(6.3) Structures of large cliques. If K is a large clique, then in G each 
o E V(K) has at most one spouse in V (K ) and no spouse in any other large 
clique. If c E V(K) has a spouse, then every vertex adjacent to z: in G is also 
in V(K). 
(6.4) Intersection of large cliques. Any two large cliques have at most 
one common vertex. 
(6.5) Vertices z;s. large cliques. Every vertex is contained in at least one 
and at most two large cliques. If o E V(G) is contained in two large cliques, 
it is not on any small edge. 
(6.6) Small edg es. The graph composed just of small edges is a union of 
disconnected cliques. 
Assume statements (6.3)-(6.6) have been proved. Then attach different 
labels to all cliques, large and small, Each vertex will be in at least one and 
at most two cliques. If a vertex, not a spouse, is in only one clique, then give 
that vertex a label. Then every vertex not a spouse has exactly two labels. 
Construct the graph F whose vertices are the different labels, with two 
labels adjacent if G has a vertex with both labels. Then L(F) has for its 
vertices all vertices of G not spouses, with two vertices of G - {union of 
spouses} adjacent if and only if the corresponding edges of F have a common 
vertex. 
There remain the spouses in G. If ai is the number of spouse pairs in 
large clique K i, then these clearly correspond to the cocktail party (CP), in 
the definition of generalized line graph. Hence, we are finished if we prove 
statements (6.3)-(6.6). 
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Proof of statement (6.3). Let c E V(K) h ave at least two spouses in V (K ) 
then G,=(...) or G,=(.-) ‘. 1s a subgraph of G in which all three vertices 
are in V(K). By statement (6.2) and Propositions 5.2 and 5.3, there are at 
least n,+ 3L other vertices in V(K) forming a clique in G. Since each of the 
three vertices of G, or G, in G is adjacent in G to all but at most L of these 
n,+3L vertices (Proposition 5.1), we conclude (Gi, Ci,n,,) c G for i = 1 or 2, 
contradicting statement (6.1). 
Next, suppose that i and i are spouses and contained in more than one 
large clique. The same reasoning applied to (G,, C,) shows this is impossible. 
Suppose i has a spouse i’# j relative to a different clique K ‘. Then the same 
reasoning applied to (G,,, C,,) or (G,,, C,,) shows this impossible. Suppose i 
is in another large clique K ’ but i is not in V(K ‘). By statement (6.2) and 
Propositions 5.2 and 5.3, there is a clique in G of at least n, + 1+ 2L + (L - 
l)(L + 1) vertices of V(K’) [no vertex of which is adjacent in G to a 
corresponding subclique of V(K)], and hence a clique of at least n,+ (L - 
l)(L + 1) + L vertices of V(K’) each of which is adjacent in G to i. Fewer 
than (L - l)(L + 1) are adjacent to i in H, for, since i is in at most L large 
cliques, and i E V(K), we would have another large clique of H intersecting 
K ’ in more than L vertices. Therefore, at least n,+ L of these vertices are 
not adjacent to i in H; hence at least n, not adjacent to i in G. We then have 
(G,, C,, n,) c G, contradicting statement (6.1). 
N,ext, suppose there is a vertex w such that (i, w) and (i, w) are small 
edges of G. Since w is contained in at least one large clique K’, we can find 
VcV(K), V’cV(K’) with /VI=n,+3+2L+(L-l)(L+l), (V’l=n,+l+ 
L + 2( L - l)( L + l), and no vertex in V adjacent in G to any vertex of V’. By 
the same pattern of reasoning we have followed, these facts would imply 
(G,, C,, n,) c G, contradicting statement (6.1). 
Suppose there is a vertex w such that (i, w) is a small edge of G, but 
(i, w) is not an edge of G (nor are i and w spouses, a case we have already 
considered). From a large clique containing w, we are led to consider 
(G,, C,). This completes the proof of statement (6.3). n 
Proof of statement (6.4). We have already, in examining (G,, C,), shown 
that two large cliques cannot have a common pair of vertices not adjacent in 
G. And consideration of (G4, C,) rules out the possibility that the common 
pair of vertices is adjacent in G. n 
Proof of statement (6.5). As already noted, Proposition 5.3 shows each 
vertex is contained in at least one large clique. If t’ is contained in 3 large 
cliques, consideration of (G,, C,) contradicts Lemma 5.11. Suppose 0 is 
contained in two large cliques K1 and K2 and is also on at least one small 
edge (0, w). Then w is contained in a large clique K 3# K ‘, K ‘. By Proposi- 
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tions 5.2 and 5.3, we have Vi c V(K ‘), V, c V(K ‘), V, c V(K 3, such that 
V,, V,, V, generate disjoint cliques of G, no vertex of Vi is adjacent to any 
vertex of Vi (i#i), IV,/=n,+l+L, and /V,]=]VZ]=n,+l+L+(L-l)(L 
+ 1). By reasoning in a manner similar to what we have done in other cases, 
and considering (G,, C,), we contradict statement (6.1). n 
Proof of statement (6.6). Let c be contained in a large clique K ‘. Suppose 
(0, ZL) and (G, u;) are small edges of G. We must show (u, w) is a small edge of 
G. 
If (u, w) is a large edge of G, then let K2 be the unique large clique 
containing u and w. By statement (6.2), we are led to (G,,, C,,). If (u, w) is 
not an edge of G, then either u and w are spouses [leading to (G,, C,)] or 
there are different large cliques K2 and K 3 containing u and 1~: respectively, 
leading to (G,,, C,,). H ence (u, u;) is a small edge of G. n 
7. COMPLETION OF PROOF OF STATEMENT (1.1) 
We now fill in the gap in the argument given in Sec. 4. Assume f(h) 
given by statement (6.2), with the n, determined by statements (3.1)-(3.3) 
and Proposition 3.2. Then the only case left to consider is where there are 
adjacent vertices u and w, a clique adjacent to u but not to w, and a clique 
adjacent to both u and w. Therefore, we have two disjoint cliques adjacent 
to u. By argument now familiar, we are led to (3.3), establishing the desired 
contradiction. 
8. FURTHER REMARKS 
It would be nice to have a characterization of generalized line graphs, in 
the spirit of the characterizations of line graphs given by [7]. It would also be 
nice to be able to characterize, as we have done for - 1 and - 2, the family 
of large minimum valence graphs G for which h’(G) = - 1 - fi . Finally, it 
is reasonable to believe that there is a sequence of numbers (Y, = - 1> LYE = 
- 2 > ayG = - 1 - fi > ayq > . . . tending to some limit a such that for each 
hEA’, if rwi>X>ai+i, there is a number f(h) such that h’(G) =h, and 
cY(G)>f(X) implies h=ai. If so, what is the sequence { (Y~} and what is Lu? 
We thank Leonard Howes and J. J. Seidel for their substantial help with 
this material. 
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